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It is well-known that, for an irreducible Boolean (0, 1)-matrix A, the

matrix sequence {Am}∞m=1 converges if and only if A is primitive. In

this paper, we introduce an operation� on the set of Boolean (0, 1)-
matrices such that a matrix sequence {�(Am)}∞m=1 might converge

even if the matrix A is not primitive. Given a Boolean (0, 1)-matrix

A, we define a matrix �(A) so that the (i, j)-entry of �(A) equals 0

if for i �= j, the inner product of the ith row and jth row of A is 0 and

equals 1 otherwise.

The aim of this paper is to study the convergence of {�(Am)}∞m=1

for a Boolean (0, 1)-matrix Awhose digraph has at most two strong

components. We show that {�(Am)}∞m=1 converges to a very special

type of matrix as m increases if A is an irreducible Boolean matrix.

Furthermore, we completely characterize a Boolean (0, 1)-matrix A

whose digraph has exactly two strongly connected components and

for which {�(Am)}∞m=1 converges, and find the limit of {�(Am)}∞m=1

in terms of its digraph when it converges. We derive these results in

terms of the competition graph of the digraph of A.

© 2012 Elsevier Inc. All rights reserved.

1. Introduction

The focus of this paper is a problem about the convergence of a certain sequence of Boolean

(0, 1)-matrices or equivalently the convergence of them-step competition graphs of certain digraphs.
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Fig. 1. Note that A, A2, A3 are all distinct and A4 = A. Thus {Am}∞m=1 does not converge. However�(Am) = A′ for each positive integer

m.

Throughout the paper, we will state definitions, facts, and theorems (where appropriate) in terms of

both Boolean (0, 1)-matrices and competition graphs.

For the two-element Boolean algebra B = {0, 1}, Bn denotes the set of all n × n matrices over B.
Under the Boolean operations, we can define matrix addition and multiplication in Bn. Given a matrix

A in Bn, we define a matrix �(A) = (γij) ∈ Bn by

γij =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0 if i = j;
0 if i �= j and the inner product of row i and row j of A is 0;
1 if i �= j and the inner product of row i and row j of A is not 0.

As a matter of fact, for a matrix A ∈ Bn, �(A) is the adjacency matrix of the competition graph of the

digraph of A. Given a matrix A in Bn, there exists a unique digraph whose adjacency matrix is A. We

call such a digraph the digraph of A and denote it by D(A).
Given a digraph D, the competition graph C(D) of D has the same vertex set as D and has an edge

between vertices u and v if and only if there exists a common prey of u and v in D. If (u, v) is an arc of

a digraph D, then we call v a prey of u (in D) and call u a predator of v (in D). A graph G is called the row

graph of a matrixM if the rows ofM are the vertices of G, and two vertices are adjacent in G if and only

if their corresponding rows have a nonzero entry in the same column of M. This notion was studied

by Greenberg et al. [6]. As noted in [6], the competition graph of a digraph D is the row graph of its

adjacency matrix. Thus it can easily be checked that the adjacency matrix of the competition graph of

a digraph D is �(A) where A is the adjacency matrix of D.

Thenotionof competitiongraph isdue toCohen [5] andhasarisen fromecology. Competitiongraphs

also have applications in coding, radio transmission, andmodeling of complex economic systems. (See

[13,14] for a summary of these applications.)

The greatest common divisor of all lengths of directed cycles in a nontrivial strongly connected

digraph D is called the index of imprimitivity of D. A digraph D is said to be primitive if D is strongly

connected and has the index of imprimitivity 1. Let A be a matrix in Bn. If D(A) is strongly connected,

then we say A is irreducible. We call the index of imprimitivity of D(A) the index of imprimitivity of A,

when A is irreducible. If D(A) is primitive, then we say that A is primitive. For undefined terms in the

following, the reader is referred to [2].

It is well-known that for an irreducible matrix A in Bn, the matrix sequence {Am}∞m=1 converges

if and only if A is primitive. Yet, a matrix sequence {�(Am)}∞m=1 might converge even if the matrix A

is not primitive. For example, the mth power of the matrix A given in Fig. 1 does not converge as m

increases since it is not primitive. However, the {�(Am)}∞m=1 converges to A′ since �(Am) = A′ for any
positive integer m.

In this paper, we study the convergence of {�(Am)}∞m=1 for a matrix A ∈ Bn whose digraph has at

most two strong components. We show that {�(Am)}∞m=1 converges asm increases for any irreducible

Boolean matrix A and its limit is a block diagonal matrix each of whose blocks consists of all 1s up to

conjugation by simultaneous permutation of rows and columns. From now on, we call such a matrix J

block diagonal (for short JBD) matrix (where J means amatrix with all 1s). Furthermore, we completely

characterize a matrix A ∈ Bn whose digraph has exactly two strongly connected components and

for which {�(Am)}∞m=1 converges, and find the limit of {�(Am)}∞m=1 in terms of its digraph when it

converges. We derive these facts in terms of the competition graph of the digraph of A.
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Given a digraph D and a positive integer m, a vertex y is an m-step prey of a vertex x if and only if

there exists a directed walk from x to y of length m. Given a digraph D and a positive integer m, the

digraph Dm has the vertex set same as D and has an arc (u, v) if and only if v is an m-step prey of u. It

is well-known that a digraph D is primitive if and only if Dm equals the digraph which has all possible

arcs for anym � N for some positive integer N (we call the smallest such integer N the exponent of D).

Motivated by this, we say that a graph sequence {Gn}∞n=1 (resp. digraph sequence) converges if there

exists an integer N such that Gn is equal to GN for any n � N. In this case, we call the graph GN the

limit of the graph sequence (resp. digraph sequence). Then the goals of this paper proposed above are

translated into competition graph version as follows. We show that {C(Dm)}∞m=1 converges to a graph

with only complete components as m increases if D is strongly connected, completely characterize a

digraph Dwith exactly two strong components for which {C(Dm)}∞m=1 converges, and find the limit of

{C(Dm)}∞m=1 when {C(Dm)}∞m=1 converges.

Given a positive integer m, the m-step competition graph of a digraph D, denoted by Cm(D), has
the same vertex set as D and has an edge between vertices u and v if and only if there exists an m-

step common prey of u and v. The notion of m-step competition graph is introduced by Cho et al. [4]

and one of the important variations (see the survey articles by Kim [10] and Lundgren [12] for the

variationswhich have been defined and studied bymany authors since Cohen introduced the notion of

competition). Since its introduction, it has been extensively studied (see for example [1,3,7–9,11,16]).

Cho andKim [3] showed that for anydigraphD and apositive integerm,Cm(D) = C(Dm). Thus the limit

of the graph sequence {C(Dm)}∞m=1, if it exists, is the same as that of the graph sequence {Cm(D)}∞m=1.

Consequently studying the graph sequence {C(Dm)}∞m=1 is actually studying the sequence of m-step

competition graphs of D.

2. {�(Am)}∞m=1 for an irreducible matrix A ∈ Bn

In this section,westudy theconvergenceand the limit graphof {�(Am)}∞m=1 whenA is an irreducible

matrix in A ∈ Bn. As mentioned previously, �(Am) corresponds to the competition graph of Dm where

D is the digraph of A for a positive integerm.

We start with the following observation.

Theorem2.1. If a digraph D is trivial or each vertex of D has an out-neighbor, then {C(Dm)}∞m=1 converges.

Proof. The proposition immediately holds for a trivial digraph. Let D be a nontrivial digraph such that

each vertex has an out-neighbor. To show that E(C(Dm)) ⊂ E(C(Dm+1)) for any integer m, take an

edge uv in E(C(Dm)) for some positive integerm. Then there exists a vertex z in D such that (u, z) and
(v, z) are arcs of Dm for some vertex z. In D, z is a common m-step prey of u and v. By the assumption

on D, there exists a vertex x such that (z, x) ∈ A(D). Then x is a common (m + 1)-step prey of u and v

inD, that is, x is a common prey of u and v inDm+1. Therefore u and v are adjacent in C(Dm+1). Thuswe

have shown that E(C(Dm)) ⊂ E(C(Dm+1)) for any integerm. Since the competition graph of a digraph

is defined to be simple, E(C(Dm)) ⊂ E(Kn) for each m where n = |V(D)|. Therefore, it can easily be

checked that there exists an integer N such that for any n � N, C(Dn) = C(DN), which implies that

{C(Dm)}∞m=1 converges. �

Theorem 2.1 is translated into the matrix version as follows:

Corollary 2.2. If a Boolean (0, 1)-matrix A has order 1 or has at least one 1 in each row, then {�(Am)}∞m=1
converges.

It is known that if κ is the index of imprimitivity of a digraph D, then D has an ordered partition

{U1,U2, . . . ,Uκ } of V(D) such that Uκ+1 = U1 and each arc of D issues from Uj and enters Uj+1 for

some j = 1, 2, …, κ . The sets U1, U2, …, Uκ are called the sets of imprimitivity of D.
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IfD is a trivial digraph, then the index of imprimitivity ofD is undefined. Given a strongly connected

digraphD, wedefineκ(D) as 1 ifD is trivial and as the index of imprimitivity ofD otherwise. In addition,

if D is a trivial digraph, then we denote the vertex set by U1 and call it ‘the sets of imprimitivity of D’.

If adigraphD is strongly connected, then thegraphsequence {C(Dm)}∞m=1 convergesbyTheorem2.1.

Then it is natural to ask: What is the limit of the sequence? In the rest of this section, we answer the

question by showing that the limit of {C(Dm)}∞m=1 is the union of exactly κ(D) complete components.

Theorem 2.3. If D is strongly connected, then the limit of {C(Dm)}∞m=1 is the disjoint union of complete

graphs whose vertex sets are the sets of imprimitivity of D.

The above theorem immediately implies the following corollary.

Corollary 2.4. If A is an irreducible (0, 1)-Boolean matrix, then the limit of {�(Am)}∞m=1 is transformable

into a block diagonal matrix by simultaneous permutations of their lines in which each block is in the form

of Ji where Ji is a matrix with all elements 1 and i runs from 1 to the index of imprimitivity of A.

The following is a well-known result related to the index of imprimitivity of a digraph.

Theorem 2.5 [2, Theorem 3.4.5]. Let D be a nontrivial strongly connected digraph of order n with the

index of imprimitivity κ , and A be the adjacency matrix of D. Then there exists a permutation matrix P of

order n such that

PA�PT =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

A1 O · · · O

O A2 · · · O

...
...

. . .
...

O O · · · Ar

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

where r = gcd(κ, �) and each of A1, A2, . . ., Ar is an irreducible matrix with the index of imprimitivity �
r
.

If a matrix A in Bn is primitive, then there exists a positive integer m such that the mth power Am

has only positive entries, and such smallest integerm is called the exponent of A, which is denoted by

exp(A).
Suppose that D is a nontrivial strongly connected digraph. Let A be the adjacency matrix of D and

κ(D) = κ . By Theorem 2.5, there exists a permutation matrix P such that

PAκPT =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

A1 O · · · O

O A2 · · · O

...
...

. . .
...

O O · · · Aκ

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

, (1)

where Ai is primitive for any 1 � i � κ . Let

M = κ · max{exp(Ai) | 1 � i � κ}. (2)

For simplicity, let E = max{exp(Ai) | 1 � i � κ}. Take a positive integer s. Since PAsMPT = PAsκEPT =
(PAκPT )sE ,
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PAsMPT =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

AsE
1 O · · · O

O AsE
2 · · · O

...
...

. . .
...

O O · · · AsE
κ

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

(3)

by (1). Since sE � exp(Ai), any entry of A
sE
i is positive for each 1 � i � κ . ThereforeD(AsE

i ) is a digraph

with all possible arcs for each 1 � i � κ , and soD(AsM) is a disjoint union of digraphswith all possible

arcs, D(AsE
1 ), D(AsE

2 ), . . ., D(AsE
κ ).

Now we obtain the following lemma:

Lemma 2.6. Let D be a strongly connected digraph. Then there exists a positive integerM such that C(DsM)
has exactly κ(D) components all of which are complete for each positive integer s.

Proof. Let κ = κ(D). If D is trivial, then κ = 1 and C(Dm) is trivial with the sets of imprimitivity

of D as the vertex for any positive integer m. Thus the lemma immediately holds for a trivial digraph.

Suppose that D is not trivial and A is the adjacency matrix of D. Then by (3), for each positive integer

s, DsM is the disjoint union of digraphs with all possible arcs for M defined in (2). Thus C(DsM) is the

disjoint union of complete graphs whose vertex sets are V(D1), V(D2), . . ., V(Dκ), respectively. As
V(D1), V(D2), . . ., V(Dκ) are the set of imprimitivity of D, we complete the proof. �

Now we are ready to prove Theorem 2.3:

Proof of Theorem 2.3. By Theorem 2.1, {C(Dm)}∞m=1 converges. By Lemma 2.6, there exists a positive

integer M such that C(DsM) has exactly κ(D) components all of which are complete for each positive

integer s. Thus a graph with exactly κ(D) components all of which are complete is the limit of a

subsequence {C(DsM)}∞s=1 of {C(Dm)}∞m=1 and must be the limit of {C(Dm)}∞m=1. �

3. {�(Am)}∞m=1 for a matrix A ∈ Bn whose digraph has exactly two strong components

In this section, we study the convergence of {�(Am)}∞m=1 for a matrix A ∈ Bn such that

PAPT =
⎡
⎣ A1 F

O A2

⎤
⎦ (4)

for a permutation matrix P of order n, a matrix F , irreducible matrices A1 and A2. Again, we do so

by studying the convergence of {C(Dm)}∞m=1 for the digraph D of A which has exactly two strong

components.

If adigraphDhas twostrongcomponentsand itsunderlyinggraph isdisconnected, then {C(Dm)}∞m=1
converges and the limit is thedisjoint unionof complete graphs as shown inSection2. Thus, throughout

this section, we only consider a weakly connected digraph whose underlying graph is connected.

Throughout this section, for a digraph Dwith exactly two strong components, we denote the com-

ponents by D1 and D2 so that there is no arc from a vertex in D2 to a vertex in D1. For i = 1, 2 and for

the positive integerMi defined in (2), C(D
sMi

i ) has exactly κ(Di) components all of which are complete

for each positive integer s. We denote the sets of imprimitivity of Di by U
(i)
1 , U

(i)
2 , …, U

(i)
κ(Di)

.

In the rest of this section, we characterize a digraph D for which {C(Dm)}∞m=1 converges, and go

further to present its limit when {C(Dm)}∞m=1 converges.

If both D1 and D2 are trivial, then it is clear that C(Dm) is an edgeless graph with two vertices for

any integer m. That is, if both D1 and D2 are trivial then {C(Dm)}∞m=1 converges and the limit graph is

an edgeless graph with two vertices. Thus, from now on, we only consider a digraph with exactly two

strong components, at least one of which is nontrivial.



W. Park et al. / Linear Algebra and its Applications 438 (2013) 2306–2319 2311

We completely characterize a digraph D with two strong components for which {C(Dm)}∞m=1 con-

verges. For a digraph D and a vertex v of D, N
−
D (v) denotes the set of all in-neighbors of v.

Lemma 3.1. Let D be a weakly connected digraph with exactly two strong components D1 and D2. For any

two vertices u ∈ U
(i)
j and v ∈ U

(i)
k , the length of a directed (u, v)-walk is congruent to k− j modulo κ(Di).

Proof. Since there is no arc from a vertex in D2 to a vertex in D1, a directed (u, v)-walk belongs to

Di. Since Di is strongly connected, we may apply one of the known properties of a strongly connected

digraph with the index of imprimitivity κ(Di) to verify the statement. �

Lemma 3.2. Let D be a weakly connected digraph with exactly two strong components D1 and D2. Then

there exists an integer M such that C(Dm) contains complete graphs whose vertex sets are U
(1)
1 , . . ., U

(1)
κ(D1)

,

U
(2)
1 , . . ., U

(2)
κ(D2)

, respectively, as subgraphs for m � M.

Proof. By Theorem 2.3, there exists an integer M such that C(Dm
1 ) and C(Dm

2 ) equal disjoint union of

complete graphs whose vertex sets are U
(1)
1 , . . ., U

(1)
κ(D1)

, and complete graphs whose vertex sets are

U
(2)
1 , . . .,U

(2)
κ(D2)

, respectively, form � M. Since C(Dm) contains C(Dm
1 ) and C(Dm

2 ) as subgraphs for any

positive integer m, the lemma holds. �

We also need the following lemma:

Lemma 3.3 [2, Lemma 3.4.3]. Let D be a nontrivial strongly connected digraph, and U1, U2, . . ., Uκ(D) be

the sets of imprimitivity of D. Then there exists a positive integer N such that if x and y are vertices belonging

respectively to Ui and Uj, then there are directed (x, y)-walks of every length j − i + tκ(D) with t � N.

Proposition 3.4. Let D be a weakly connected digraph with exactly two strong components D1 and D2

where D1 is nontrivial and D2 is trivial. Then {C(Dm)}∞m=1 converges if and only if for the vertex v of

D2,
∣∣∣
{
i | U(1)

i ∩ N
−
D (v) �= ∅

}∣∣∣ = 1 or κ(D1). Moreover, the limit of {C(Dm)}∞m=1 is a graph consisting of

complete components if it converges.

Proof. Since D1 is nontrivial, by Lemma 3.3, there exists a positive integer N for which the following

holds:

If x and y are vertices belonging respectively to U
(1)
i and U

(1)
j , then there are

directed (x, y)-walks of every length j − i + tκ(D1) with t � N.
(∗)

We show the ‘if’ part of the proposition statement. By Lemma 3.2, there exists an integer M such

that C(Dm) contains the complete subgraphs whose vertex sets U
(1)
1 , . . ., U

(1)
κ(D1)

, U
(2)
1 , respectively,

as subgraphs for m � M. In addition, there is no edge joining a vertex in D1 and v in C(Dm) for any

positive integer m since v has no out-neighbor.

Suppose that
∣∣∣
{
i | U(1)

i ∩ N
−
D (v) �= ∅

}∣∣∣ = 1. Let
{
i | U(1)

i ∩ N
−
D (v) �= ∅

}
= {i∗}. Then for any

directed walk from a vertex in U
(1)
i to v, the term right before v on the sequence belongs to U

(1)
i∗ and

so it has length congruent to i∗ − i + 1 modulo κ(D1). Since i∗ − i + 1 �≡ i∗ − j + 1 (mod κ(D1))
if i �≡ j (mod κ(D1)), two vertices belonging to distinct sets of imprimitivity cannot have an m-step

common prey for any positive integerm and so there is no edge joining two vertices in distinct sets of

imprimitivity in C(Dm) for any positive integer m. Thus {C(Dm)}∞m=1 converges to the disjoint union

of complete graphs whose vertex sets are U
(1)
1 , …, U

(1)
κ(D1)

, {v}.
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Now suppose that
∣∣∣
{
i | U(1)

i ∩ N
−
D (v) �= ∅

}∣∣∣ = κ(D1). Let u1,…, uκ(D1) be in-neighbors of v inU
(1)
1 ,

…, U
(1)
κ(D1)

, respectively. Take a vertex x of D1. Then x ∈ U
(1)
j for some j ∈ {1, 2, . . . , κ(D1)} and, by

(∗), there are directed (x, uk)-walks of every length k − j + tκ(D1) with t � N for each k = 1, . . .,
κ(D1). Thus v is an m-step prey of x for each m � Nκ(D1) + 1. Since x is arbitrarily chosen, C(Dm) is
the union of two complete graphs whose vertex sets are V(D1) and {v} for eachm � Nκ(D1) + 1 and

so K|V(D1)| ∪ {v} is the limit of {C(Dm)}∞m=1.

Weshowthe ‘only if’ part. Suppose that
∣∣∣
{
i | U(1)

i ∩ N
−
D (v) �= ∅

}∣∣∣ = t for some t ∈ {2, . . . , κ(D1)−
1}. Then there exists j such that v has in-neighbors in U

(1)
j and U

(1)
j+r but no in-neighbor in U

(1)
j+1 where

r ∈ {2, 3, . . . , κ(D1)−1}. Takeavertexu inU
(1)
j andavertexw inU

(1)
j+r . Then,by (∗),v is a (tκ(D1) + 1)-

step commonprey of u andw for each t � N. Thus u andw are adjacent in C(Dtκ(D1)+1) for each t � N.

However, u and w are not adjacent in C(Dtκ(D1)+2) for any positive integer t � N. To show it, note

that v is the only possible m-step common prey of u and w for any integer m and so suppose that v

is a (tκ(D1) + 2)-step prey of u for some positive integer t � N. We will reach a contradiction. By

our assumption, there is a directed (u, v)-walk of length tκ(D1) + 2 in D. The vertex immediately

followed by v on the walk must belong to U
(1)
j+1, which contradicts our assumption that v does not

have an in-neighbor in U
(1)
j+1. Thus v cannot be a (tκ(D1) + 2)-step prey of u for any positive integer

t � N. Therefore u and w are not adjacent in C(Dtκ(D1)+2) for any positive integer t � N. Hence we

can conclude that {C(Dm)}∞m=1 does not converge. �

If D2 is nontrivial, then {C(Dm)}∞m=1 converges by Theorem 2.1. Thus we have completely charac-

terized a digraph D with exactly two strong components for which {C(Dm)}∞m=1 converges.

Theorem 3.5. Let D be a weakly connected digraph with exactly two strong components D1 and D2 and

without arc from D2 to D1. Then {C(Dm)}∞m=1 converges if and only if D satisfies one of the following:

(i) D2 is nontrivial.

(ii) D2 is trivial and, for the vertex v of D2,
∣∣∣
{
i | U(1)

i ∩ N
−
D (v) �= ∅

}∣∣∣ = 1 or κ(D1).

From the proof of Proposition 3.4 and Theorem 3.5, we obtain the following:

Corollary 3.6. Let A be a Boolean (0, 1)-matrix in the following form:
⎡
⎣ A1 F

O A2

⎤
⎦

where O is a zeromatrix, F is a nonzeromatrix, and A1 and A2 are irreducible. Then {�(Am)}∞m=1 converges

if and only if one of the following holds:

(i) A2 has order at least 2.

(ii) A2 has order 1 and there exists a permutation matrix P such that

PAPT =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

A12 ∗ O O · · · O O

O A23 ∗ O · · · O O F ′
...

...
...

...
. . .

...
...

O O O O · · · Aκ(D1)−2,κ(D1)−1 ∗
∗ O O O · · · O Aκ(D1)−1,κ(D1)

O A2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
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Fig. 2. A bipartite graph B and an expansion G of B.

so that the rowscontainingnonzero elements of F ′ intersect exactly oneofA12, A23, . . ., Aκ(D1)−1,κ(D1)

or each of A12, A23, …, Aκ(D1)−1,κ(D1). Moreover, the limit of {�(Am)}∞m=1 is a JBD matrix.

We now examine the structure of {�(Am)}∞m=1 when it converges where A is a Boolean (0, 1)-
matrix given in (4) where F is a nonzero matrix. If A2 is a trivial matrix, then we presented the limit of

{�(Am)}∞m=1 in Corollary 3.6. Thus in the following, we find the limit when A2 is nontrivial. To do so,

we find the limit of {C(Dm)}∞m=1 where D is the digraph of A and need the following useful notions.

Given a bipartite B = (X, Y), we construct a supergraph of B as follows. We write each edge of B in

the arc form (x, y) to make clear that x ∈ X and y ∈ Y . Then we replace each vertex vwith a complete

graph Gv (of any size) so that Gv and Gw are vertex-disjoint if v �= w, and join each vertex of Gx and

each vertex of Gy whenever either (x, y) is an edge of B or there exists z ∈ Y such that (x, z) and (y, z)
are edges of B. We say that the resulting graph D is an expansion of B. (See Fig. 2 for an illustration.)

Lemma 3.7. Let G be an expansion of some bipartite graph B = (X, Y). Then G has only complete

components if and only if for each vertex x ∈ X, the degree of x is at most one in B.

Proof. We show the ‘if’ part by contradiction. Suppose that there exist vertices x, y, z such that xy and

xz are edges of G but y is not adjacent to z in G. Let Gu, Gv, and Gw be the complete graphs replacing

vertices u, v, and w of B containing x, y, z, respectively. By definition, u, v, and w are distinct. Since y

and z are not adjacent while x is adjacent to both y and z, it is true that u ∈ X . Then, since B is bipartite,

v and w belong to Y . Now, by definition, u is adjacent to v and w and we reach a contradiction.

To show the ‘only if’ part, suppose that G has only complete components and there exists a vertex

u ∈ X which has two neighbors v, w in Y . Then, by definition, no vertex of Gv is joined to any vertex

of Gw . Take a vertex x ∈ Gu, a vertex y ∈ Gv and a vertex z ∈ Gw . Then, by definition, x is adjacent to y

and z in G and so x, y, z belong to the same component. Since G has only complete components by our

assumption, y and z are adjacent in G, a contradiction. �

Definition 3.8. We take a weakly connected digraph D with exactly two strong components D1 and

D2 where D2 is nontrivial. Let I(D) = {(k, l) | (x, y) ∈ A(D) for some x ∈ U
(1)
k , y ∈ U

(2)
l }. Let

BD = (
Zκ(D1), Zκ(D2)

)
be the bipartite graph defined as follows. IfD1 is nontrivial, then BD has an edge

(i, j) if and only if i ≡ k+ 1+ p (mod κ(D1)) and j ≡ l+ p (mod κ(D2)) for some (k, l) ∈ I(D) and
some integer p. If D1 is trivial, then BD has an edge (i, j) if and only if j ≡ l− 1 (mod κ(D2)) for some

(1, l) ∈ I(D), which is obtained by substituting p = −1 and k(D1) = 1 in the nontrivial case.

Wenote thatwhenwe consider an edge (x, y) of BD, the first component and the second component

are reduced modulo κ(D1) and κ(D2), respectively. Then following is true.

Lemma 3.9. Let D be a weakly connected digraph with exactly two strong components D1 and D2 where

D2 is nontrivial. Then (i, j) is an edge of BD if and only if there exists a (u, v)-walk of length 2sκ(D1)κ(D2)

for some vertices u ∈ U
(1)
i and v ∈ U

(2)
j and for some positive integer s.
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Proof. For simplicity, we denote κ(D1)κ(D2) by λ. To show the ‘only if’ part, suppose that (i, j) is an
edge of BD. By definition, for some integer p and for some (k, l) ∈ I(D),

i ≡ k + 1 + p (mod κ(D1)), j ≡ l + p (mod κ(D2)).

We define nonnegative integers p1 and p2 as follows. There exists a positive integer s such that both

sλ − p − 1 and sλ + p are positive integers. If D1 is trivial, then let p1 = 0 and p2 = 2sλ + p (note

that p = −1). If D1 is nontrivial, then let p1 = sλ − p − 1 and p2 = sλ + p.

Since (k, l) ∈ I(D), there exist vertices x ∈ U
(1)
k and y ∈ U

(2)
l such that (x, y) is an arc of D. If

D1 is trivial, then let u = x and then Q := u is a (u, x)-walk of length p1 = 0. Suppose that D1 is

nontrivial. Since D1 is a nontrivial strongly connected digraph, any vertex in D1 has an in-neighbor in

D1 and so there is a directed (u, x)-walk Q of length p1 for some u ∈ V(D1). Since x ∈ U
(1)
k , it is true

that u ∈ U
(1)
k−p1

. However,

k − p1 ≡ (i − p − 1) − (sλ − p − 1) ≡ i (mod κ(D1)).

Therefore u ∈ U
(1)
i .

Since D2 is nontrivial and strongly connected D2 has a directed (y, v)-walk R of length p2 for some

v ∈ V(D2). Therefore y ∈ U
(2)
l+p2

. However,

l + p2 ≡ (j − p) + (ksλ + p) ≡ j (mod κ(D2)),

where k = 1 if D1 is nontrivial and k = 2 if D1 is trivial. Thus v ∈ U
(2)
j .

Furthermore Q + (x, y) + R has the length p1 + p2 + 1 = 2sλ.
To show the ‘if’ part, suppose that there exists a directed (u, v)-walk Q of length 2sλ for some

vertices u ∈ U
(1)
i and v ∈ U

(2)
j and for some positive integer s. Thewalk Q contains a unique arc (w, z)

such that w ∈ V(D1) and z ∈ V(D2) since there is no arc from a vertex in D2 to a vertex in D1. Then

w ∈ U
(1)
r and z ∈ U

(2)
s for some r ∈ {1, 2, . . . , κ(D1)} and some s ∈ {1, 2, . . . , κ(D2)}. By definition,

(r, s) ∈ I(D). Let �1 and �2 be the lengths of (u,w)-section of Q and (z, v)-section of Q , respectively.

Then

i + �1 ≡ r (mod κ(D1)), j − �2 ≡ s (mod κ(D2)).

Since �1 + �2 + 1 = 2sλ, the first congruence relation is equivalent to i + (2sλ − �2 − 1) ≡ r

(mod κ(D1)) and so i − �2 − 1 ≡ r (mod κ(D1)). Therefore

i ≡ r + �2 + 1 (mod κ(D1)), j ≡ s + �2 (mod κ(D2)).

By definition, (i, j) is an edge of BD. �

Now we are ready to present the limit of {�(Am)}∞m=1 if it exists for a matrix A given in (4) when F

is a nonzero matrix and A2 has order at least 2, that is, D(A2) is a nontrivial strong component of D(A):

Theorem 3.10. Let D be a weakly connected digraph with two strong components D1 and D2 such that no

arc goes from D2 to D1, D2 is nontrivial, and {C(Dm)}∞m=1 converges. Then the limit of {C(Dm)}∞m=1 is an

expansion of the bipartite graph BD defined in Definition 3.8.

Proof. Let G be the limit of {C(Dm)}∞m=1. By Theorem 3.2, complete graphs whose vertex sets are U
(1)
1 ,

. . ., U
(1)
κ(D1)

, U
(2)
1 , . . ., U

(2)
κ(D2)

, respectively, are subgraphs of G.
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Since there is no arc from a vertex in D2 to a vertex in D1, for any positive integer m, an m-step

common prey of two vertices of V(D2) is in D2 and so the union of complete graphs whose vertex sets

are U
(2)
1 , . . ., U

(2)
κ(D2)

, respectively, is an induced subgraph of G by Theorem 2.3. Therefore, to show that

G is an expansion of BD, it is sufficient to prove the following:

(i) x ∈ U
(1)
i and y ∈ U

(2)
j are adjacent in G if and only if (i, j) is an edge of BD.

(ii) For distinct i and j, x ∈ U
(1)
i and y ∈ U

(1)
j are adjacent in G if and only if (i, h) and (j, h) are

edges of BD for some h ∈ Zκ(D2).

For simplicity, we denote κ(D1)κ(D2) by λ.

To show (i), suppose that x ∈ U
(1)
i and y ∈ U

(2)
j are adjacent in G. Then there exist an integer s and

a 2sλ-step common prey z of x and y in D, which implies that there exists an (x, z)-walk Q of length

2sλ in D. On the other hand, since z is a 2sλ-step prey of y, it is true that z ∈ V(D2). Furthermore, since

2sλ is a multiple of κ(D2), z ∈ U
(2)
j . By Lemma 3.9, (i, j) is an edge of BD.

Suppose that (i, j) is an edge of BD. Take vertices x ∈ U
(1)
i and y ∈ U

(2)
j . By Lemma 3.9, there exists a

(u, v)-walk Q of length 2sλ for some vertices u ∈ U
(1)
i and v ∈ U

(2)
j and some positive integer s. Since

any directed (x, u)-walk belongs to D1, the length of a directed (x, u)-walk is congruent to 0 modulo

κ(D1). Then there exists a directed (x, u)-walk S of length s′λ for some integer s′ (If D1 is trivial then

s′ = 0). Since D2 is nontrivial and κ(D2) divides λ, by Lemma 3.3, for some integer N, there exist a

directed (v, v)-walk T of length Nλ, and a directed (y, v)-walk R of length (2s + s′ + N)λ. Since SQT

is a directed (x, v)-walk of length (2s + s′ + N)λ, v is a (2s + s′ + N)λ-step common prey of x and y

in D, and so x and y are adjacent in G. Hence (i) holds.

Now we show that (ii) holds. Take distinct i and j in {1, . . . , κ(D1)}. To prove the ‘if’ part, suppose

that (i, h) and (j, h) are edges of BD for some h ∈ Zκ(D2). By Lemma 3.9, there exist a directed (u1, v1)-
walk S1 of length 2s1λ and a directed (u2, v2)-walk S2 of length 2s2λ for some positive integers s1 and

s2, and some vertices u1 ∈ U
(1)
i , u2 ∈ U

(1)
j , v1, v2 ∈ U

(2)
h . Take two vertices x ∈ U

(1)
i and y ∈ U

(1)
j .

Note that assumption i �= j implies that D1 is nontrivial. Therefore both D1 and D2 are nontrivial, we

may apply Lemma 3.3 to D1 and D2, respectively, to have integers N1 and N2 satisfying the following.

Since v1, v2 belong to the same set of imprimitivity, there exist a directed (v1, v2)-walk T1 of length

(2s2+N2)λ and a directed (v2, v2)-walk T2 of length (2s1+N2)λ. Then S1T1 is a directed (u1, v2)-walk

of length (2s1 + 2s2 + N2)λ and S2T2 is a directed (u2, v2)-walk of length (2s2 + 2s1 + N2)λ. Take
any integer t � N1. Then, since x, u1 belong to the same set of imprimitivity, there exists a directed

(x, u1)-walk Q1 of length tλ. For the same reason, there exists a directed (y, u2)-walk Q2 of length

tλ. Now Q1S1T1 is a directed (x, v2)-walk of length (2s1 + 2s2 + N2 + t)λ, and Q2S2T2 is a directed

(y, v2)-walk of length (2s1 + 2s2 + N2 + t)λ. Thus v2 is a (2s1 + 2s2 + N2 + t)λ-step common prey

of x and y, and hence x and y are adjacent in C(D(2s1+2s2+N2+t)λ). Since t is arbitrarily chosen integer

greater than N1, x and y are adjacent in G.

To show the ‘only if’ part, suppose that x ∈ U
(1)
i and y ∈ U

(1)
j are adjacent inG. Then theyhave a2sλ-

step commonprey z inV(D2) for some integer s, that is, there exist a directed (x, z)-walk and a directed

(y, z)-walk of length 2sλ. Since z ∈ V(D2), it holds that z ∈ U
(2)
h for some h ∈ {1, 2, . . . , κ(D2)}. By

Lemma 3.9, (i, h) and (j, h) are edges of BD. �

We can easily check that Theorem 3.10 is equivalent to the following:

Corollary 3.11. Let A ∈ Bn be a matrix such that for a permutation matrix P of order n,

PAPT =
⎡
⎣ A1 F

O A2

⎤
⎦
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where O is a zero matrix,

A1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

O A12 O · · · O

O O A23 · · · O

...
...

...
. . .

...

O O O · · · Aκ(D1)−1,κ(D1)

Aκ(D1)1 O O · · · O

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, A2=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

O B12 O · · · O

O O B23 · · · O

...
...

...
. . .

...

O O O · · · Bκ(D2)−1,κ(D2)

Bκ(D2)1 O O · · · O

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

and A2 has order at least two, and F is a nonzero matrix,

F =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

F11 F12 F13 · · · F1κ(D2)

F21 F22 F23 · · · F2κ(D2)

...
...

...
. . .

...

Fκ(D1)−1,1 Fκ(D1)−1,2 Fκ(D1)−1,3 · · · Fκ(D1)−1,κ(D2)

Fκ(D1)1 Fκ(D1)2 Fκ(D1)3 · · · Fκ(D1)κ(D2)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

Then {�(Am)}∞m=1 converges to a matrix A′ such that

PA′PT =
⎡
⎣ C1 F ′

F ′T C2

⎤
⎦

where

C1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

J C12 C13 · · · C1κ(D1)

C21 J C23 · · · C2κ(D1)

...
...

...
. . .

...

Cκ(D1)−1,1 Cκ(D1)−1,2 Cκ(D1)−1,3 · · · Cκ(D1)−1,κ(D1)

Cκ(D1)1 Cκ(D1)2 Cκ(D1)3 · · · J

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

; C2 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

J O O · · · O

O J O · · · O

...
...

...
. . .

...

O O O · · · O

O O O · · · J

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

F ′ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

F ′
11 F ′

12 F ′
13 · · · F ′

1κ(D2)

F ′
21 F ′

22 F ′
23 · · · F ′

2κ(D2)

...
...

...
. . .

...

F ′
κ(D1)−1,1 F ′

κ(D1)−1,2 F ′
κ(D1)−1,3 · · · F ′

κ(D1)−1,κ(D2)

F ′
κ(D1)1

F ′
κ(D1)2

F ′
κ(D1)3

· · · F ′
κ(D1)κ(D2)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

J represents a matrix of an appropriate size with all the elements 1; Cij = Cji = J if F ′
ik = F ′

jk = J for some

k ∈ {1, . . . , κ(D2)} and Cij = Cji = O otherwise; F ′
ij = J if one of the following holds:

• A1 has order at least two and Fk,l �= O for some integers k, l satisfying i ≡ k + p + 1 (mod κ(D2))
and j ≡ l + p (mod κ(D2)) for some integer p,

• A1 has order one and F1l �= O for some integer l such that j ≡ l − 1 (mod κ(D2)),
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and F ′
ij = O otherwise.

Let A be a matrix given in (4) where F is nonzero and D be the digraph of A. If D1 is trivial, D2 is

nontrivial and BD has at least two edges, then any expansion of BD cannot be the union of complete

subgraphs and so the limit of {C(Dm)}∞m=1 is not the union of complete subgraphs by Theorem 3.10,

that is, the limit of {�(Am)}∞m=1 cannot be a JBD matrix. If D2 trivial and {C(Dm)}∞m=1 converges, then

the limit of {C(Dm)}∞m=1 is always the union of complete subgraphs by Proposition 3.4, that is, the

limit of {�(Am)}∞m=1 is a JBDmatrix. In the following, we characterize amatrix A given in (4) for which

the limit graph of {�(Am)}∞m=1 is a JBD matrix when F is a nonzero matrix and both A1 and A2 are

nontrivial, that is, we characterize a digraph Dwith exactly two strong components both of which are

nontrivial and for which the limit graph of {C(Dm)}∞m=1 has only complete components.

Theorem 3.12. Let D be a weakly connected digraph with exactly two strong components D1 and D2 both

of which are nontrivial and without arc from D2 to D1. Suppose that {C(Dm)}∞m=1 converges to a graph

G. Then G is the union of complete subgraphs if and only if κ(D2) divides κ(D1) and i − j ≡ i′ − j′
(mod κ(D2)) for any (i, j), (i′, j′) ∈ I(D).

Proof. As we have shown in the proof of Theorem 3.10, G is an expansion of the bipartite graph BD
defined inDefinition 3.8. For convenience, let BD = (X, Y). Suppose thatκ(D2)|κ(D1) and j−i ≡ j′−i′
(mod κ(D2)) for any (i, j), (i′, j′) ∈ I(D). Take a vertex a ∈ X . If a has no neighbor in BD, then its degree

is zero. Suppose that a has a neighbor in BD. Let (a, b) and (a, c) are edges of BD. Then by definition,

for some (i, j), (i′, j′) ∈ I(D), for some integers l, l′,

a ≡ i + l + 1 (mod κ(D1)), b ≡ j + l (mod κ(D2)),

a ≡ i′ + l′ + 1 (mod κ(D1)), c ≡ j′ + l′ (mod κ(D2)).

Since κ(D2)|κ(D1),

a ≡ i + l + 1 ≡ i′ + l′ + 1 (mod κ(D2)),

and so l − l′ ≡ i′ − i (mod κ(D2)). Therefore

b − c ≡ (j + l) − (j′ + l′) ≡ (j − j′) + (l − l′) ≡ (j − j′) + (i′ − i) ≡ 0 (mod κ(D2)).

Therefore, the vertex a has only one neighbor in BD. Hence, by Lemma 3.7, G is the union of complete

subgraphs.

Now suppose that G is the union of complete subgraphs. Then, by Lemma 3.7, the degree of each

vertex in X is at most one in BD. Since we have assumed that the underlying graph of D is connected at

the beginning of this section, BD has an edge and so there exists a vertex a ∈ X such that the degree of

a is one. Then (a, b) is an edge of BD and so for some (i, j) ∈ I(D) and some integer l,

a ≡ i + l + 1 (mod κ(D1)), b ≡ j + l (mod κ(D2)).

Since (i, j) ∈ I(D), it is true that (i+ l+ κ(D1)+ 1, j+ l+ κ(D1)) is an edge of BD by the definition of

BD. Since i + l + κ(D1) + 1 ≡ a (mod κ(D1)), it holds that (a, j + l + κ(D1)) is an edge of BD. Since

the degree of a is one, b is the unique neighbor of a in BD and so j+ l+κ(D1) ≡ b (mod κ(D2)). Thus
j + l + κ(D1) ≡ j + l (mod κ(D2)) and so κ(D1) ≡ 0 (mod κ(D2)). Therefore κ(D2)|κ(D1).

Take (i, j), (i′, j′) ∈ I(D). Without loss of generality, we may assume that i′ > i. Since (i, j) ∈ I(D),
by the definition of BD, (i + (i′ − i) + 1, j + (i′ − i)) is an edge of BD and so is (i′ + 1, j + i′ − i). In
addition, (i′ + 1, j′) is an edge of BD as (i′, j′) ∈ I(D). Therefore both (i′ + 1, j + i′ − i) and (i′ + 1, j′)
are edges of BD. Since each vertex in X of BD has degree at most one, j + (i′ − i) ≡ j′ (mod κ(D2)).
Thus i − j ≡ i′ − j′ (mod κ(D2)). �

As a corollary of Theorem 3.12, we obtain the following:
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Corollary 3.13. Let A ∈ Bn be a matrix such that for a permutation matrix P of order n,

PAPT =
⎡
⎣ A1 F

O A2

⎤
⎦

where

A1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

O A12 O · · · O

O O A23 · · · O

...
...

...
. . .

...

O O O · · · Aκ(D1)−1,κ(D1)

Aκ(D1)1 O O · · · O

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, A2 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

O B12 O · · · O

O O B23 · · · O

...
...

...
. . .

...

O O O · · · Bκ(D2)−1,κ(D2)

Bκ(D2)1 O O · · · O

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

both A1 and A2 have order at least two, O is a zero matrix, and F is a nonzero matrix,

F =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

F11 F12 F13 · · · F1κ(D2)

F21 F22 F23 · · · F2κ(D2)

...
...

...
. . .

...

Fκ(D1)−1,1 Fκ(D1)−1,2 Fκ(D1)−1,3 · · · Fκ(D1)−1,κ(D2)

Fκ(D1)1 Fκ(D1)2 Fκ(D1)3 · · · Fκ(D1)κ(D2)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

Suppose that {�(Am)}∞m=1 converges to a matrix A′. Then A′ is a JBD matrix if and only if κ(D2) divides

κ(D1) and i − j ≡ i′ − j′ (mod κ(D2)) whenever Fi,j �= O and Fi′,j′ �= O.

4. Concluding remarks

In this paper, we investigated the convergence and the limit of the matrix sequence {�(Am)}∞m=1
for a matrix A in Bn whose digraph D has at most two strong components and, among such matrices,

characterized a matrix A for which the limit of {�(Am)}∞m=1 is a JBD matrix. We would like to see if

our results can be generalized for an arbitrary matrix in Bn. When a digraph D has quite many strong

components, vertices in the strong component which has only outgoing arcs in the condensation of

D have much more choices for prey and so the characterization of its limit, if it exists, appears to be

more difficult.

Wementioned earlier that studying thematrix sequence {�(Am)}∞m=1 for a matrix A in Bn is equiv-

alent to studying the graph sequence {C(Dm)}∞m=1 and that {C(Dm)}∞m=1 is actually the sequence of

m-step competition graphs ofD. In this context,we propose to investigate the graph sequence obtained

by other variants of competition graph (see [4,9,15]).
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